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DEFINITE FORMS IN A FINITE FIELD* 

BY 

LEONARD EUGENE DICKSON 

§1. Introduction; summary of results. 

The character of the present investigation may be indicated by the following 
special case of a theorem proved below -. 

Let p he an odd prime number and Q{x, y) a binary quartic form with 
integral coefficients. If for each pair of integers x\ y, not both divisible by 
p, Q(x, y') is a quadratic residue of p, then Q{x, y) is formally congruent, 
modulo p, to the square of a binary quadratic form. 

In other words, there exists an algebraic identity 

Q{x, y) = {ax^ + bxy + cy^Y+pQ^(x, y), 

in which a, b, c and the coefficients of the quartic Q^ are integers. 

In the proof of the preceding result, it is convenient to introduce Galois 
imaginaries, i. e., to extend the initial field of integers modulo p to a larger 
Galois field. f As it adds to the clearness and generality of the question and 
does not increase the difficulties of the analysis, the investigation will be made 
from the outset for forms in the general Galois field of order p", designated 
GI^^p"^ . The latter is composed of the p" elements a^ + a^p + • • • + «„_i/3"~', 
in which the a^ are integers taken modulo p , and p is a root of a congruence of 
degree n irreducible modulo p . An element, not zero, is called a square or a 
uot-square according as it equals or does not equal the square of some element 
of the (t-P[^"]. We here exclude the case p = 2, since then every element 
=t= is a square. 

A form F(^x^, • • •, x^^^) will be said to be definite in the GF\_p'''\, if, for 
each set of elements x[, •••, x'^ not all zero, in the field, i''(xj, • • •, x,'J is a 
square in the field. To obtain the forms which represent not-squares exclusively, 
we have only to multiply the definite forms by a particular not-square. 

The result stated above is thus a special case of the following : 

Theorem I. Every definite binary quartic in the GF\_p''^, j) > 2, is for- 
mally a perfect square in the field. 

* Presented to the Society at the Summer Meeting at Champaign, September 10, 1908. 
fCf. the writer's Linear Groups, pp. 5-14. 
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From the latter we deduce, in § 8, 

Theorem II. TTiere eocists no definite quarticform in the GF [p"] , i? > 2, 
on m variables when »i > 2. 

There is no definite form of odd degree c? in a finite field. Indeed, for a =^ 0, 
ax'' may be made a square or a not-square by choice of x in the field. For 
r > 1, any r-ary quadratic form in the GF[p''\,2i > 2, represents both squares 
and not-squares * and hence is not definite. 

Theorem III. For f"^ = 13 , every definite binary sextic in the GFJ^p^l is 
formally a perfect square. For p" <. 13, there exists at least one additional 
type of definite binary sextics (§ 4). 

It is probable that every definite binary form of degree 2r (»•> 1) in the 
GF[p'''\ is formally a perfect square whenever 2^" exceeds a certain limit i\r. 
If this conjecture should prove to be correct, it would not be particularly diffi- 
cult to establish for forms of degree 2r on m variables a general theorem includ- 
ing as special cases Theorem II and the following : 

Theorem IV. For p" = 11, every definite ternary sextic in the GFl^p"'\ 
is formally a perfect square ; there exists no definite sextic in the GF [^"] , 
jo > 2 , on m variables when wi > 3 . 

The simplicity f of the preceding existence theorems on definite forms 
enhances their value for applications in number-theoretic investigations. Imme- 
diate application may be made to the determinant of a net of quadratic forms in 
a finite field. 

A method of deriving definite forms from a given one is explained in § 7. 

Some general arithmetical properties of definite binary forms are obtained in 
§ 8 by restricting the range of the variables to the elements of the finite field. 

§ 2. Definite binary quartic forms. 

Let q= Cj,a;^ -f c,r''y -f ••• be a binary quartic with coefficients in the 
GF\_2y"'\^p'> 2, and let q equal a square for each pair of elements x, y, not 
both zero, in the field. Taking a; = 1 , y = , we see that c^ must be a square. 
Set Q^qjCfj. Then for every x,y, not both zero, in the GF\^p'''\, 

Q(x, y) = x* + a^x'y + a^x'f -f a^xf + a,y* 

equals a square. In particular, Q has no linear factor and hence is either irre- 
ducible or is the product of two irreducible quadratic factors in the field. 

First, we assume that Q is irreducible in the G^jP [/>"]. Hence a root p of 
§ ( « , 1 ) = defines the GF [p'" ] ; thus 



Q=Jl{x-p^"'y) = {x-pyr^-' 



'-])/(/)»-i) 



* Linear Oroups, pp. 46-48. 

fin contrast to the algebraic theory. Cf. Hilbeet, Acta Mathematica, vol. 17 (1893), 
p. 169, where references to other papers are given. 
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By hypothesis, Q'-p'-'^''''^ := 1 for x and y not both zero. Hence 

(x-p2/yp--w^ = i, 

so that X — py is a, square in the GF\^p*'^^ for each pair of elements x, y, not 
both zero, in the <9'7''[^9"] . Thus, for x^ in the latter field, 

are squares in the GF^^p*"^; likewise their products by any non- vanishing ele- 
ment of the GF[^p'''\ . We next show that the products 

(2) qf^, a'g^,, d'\,, 

take only distinct values when the a's range independently over the elements 
=1= of the (ri^ [/)"], £C, and x^ take equal vEilues or one of the two sets defined 
by a pair of unequal values, while Xj has any value distinct from x^ and x^ in 
the field. Of the three types (2), no function of one type equals one of another 
type, in view of the difference of their degrees in /a, a root of an irreducible quartic. 
If ag^^bg^, then a^b, y^^x^, y^^x^, and the functions are identical. 
Similarly, ah^ and bh are equal only when identical. If qf^ = 6/ , then a= b 
and CBj, Xj, y^ form a permutation of y^, y^, x^; but x^ is distinct from x, , x^; 
hence x^ = y^,f^ — ^' ^^ counting the number of values (1), we separate the 
cases Xj = x^, x, =(= Xj; the resulting number is 

{ p"{p'' - 1) + i p'' (2^" — 1){ p" — 2)} +^"(^"-1)+ {2)" + ip"(/>"- 1)}. 

Since a has ^j" — 1 values, the number of distinct values (2) is 

iy(^=" + 2y-l)(2J''-l). 

This exceeds | (/>*" — 1), the total number of squares in the (?i^[^*"]. In 
fact, for p" = S , we have 

(p'" - 2^" - 1 )(;>" — 1 )> . 

Hence Q cannot be irreducible in the field. 

Let therefore Q be the product of two quadratic factors, each irreducible in 
the GF[p'''\, /? > 2. One factor may be transformed linearly into x^ — vy^^ 
where i' is a fixed not-square in the G-Fl_p"']. Let the second factor become 

x^ -f 2axy + by^ = (x + ayf — (a' — b)y^. 

Hence a^ — 6 is a not-square vc'. Thus 

(3) Q = {x^ — vy^)[(x + ayf — vc'^y'^] ( c + , v a not-square ) . 

Consider the values of x and y,y=^0, for which the first factor is a square 
s^. Set X — s = t, so that ^ =|= . Then x -f s = vy^/t and 

2x=t + vyyt. 
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The second factor of Q must also be a square, so that 

{t+vyyt + 2ayy-4.vc^f 
must be a square. Set t = zy . Then* 

(4) q = {z^ + 2az+vf—ivc''z' 

must be a square for every z in the (ri^ [/)"]. 

We may define the GF\_p'^"'\ by means of the equation J^^v, which is 
irreducible in the GI^lp"] . Then J"" = — J, and 

(5) q = i^f +1 , F^ = z^ + 2az+v- 2czJ. 

By hypothesis qC"-'^'"' = 1 . Hence Ff^"''!'' = 1 , so that F^ is a square in the 
<9i^[/»] for every z in the GFlp"]. If 

kF^ = KF^ (fc + 0,/c4=0), 

then 

kz=K^, k{z''+v) = K{^' + v). 

Eliminating k and k, we get 

{^-z){^z-p) = 0. 

If s; = , then f = . If a =|= , then ^ = a or vjz . The latter values are dis- 
tinct, one being a square and the other a not-square. Hence the distinct values 
of the functions kF^ are obtained | by allowing z to range over the elements 
and the ^{p" — 1) squares of the GF^p'''\, while k ranges over all the ele- 
ments =1= . The resulting I (p" + 1)(^'' — 1) values JcF^ account for all the 
1^(2?^" — 1) squares of the GF^p'^"'\. Hence every square in the GF^p^"^ 
may be given the form kF^. 

We have shown that, for arbitrary elements I and X, each =j=0, of the 
GFIp""], 1{X — jy = l{\^ -j- V-2XJ) may be given the form kF^, in 
which k and z are elements, each =(= , of that field, and conversely. Hence 

X^ + 1/ z^ + 2az + v 

(6) -^----, _^ 

must take the same set of values when X and z range over the marks =|= of the 
GF\_p"^ , viz., over the roots of 

(7) wp"-i-l = 0. 

The sum of the roots of (7) is zero; likewise the sum of their reciprocals. 
*This form is better adapted to the later discussion that the forms of Q, 

( x^ + axy =F vcy^ )' — v{xy{l=pc)+ay^}^, 

derived from (3) by the usual process or by the use of the irrationality vh . 
t Also by the formulae k, s' F^ {z taking all values + ) . 
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Taking the sums of the values of each function (6), we have 

whence a = . If ^'' = 3 , we have c = d= 1 , since c =j= . Next, if ^" > 3 , 
the sum of the squares of the roots of (7) equals zero ; likewise the sum of the 
reciprocals of their squares. Taking the sums of the squares of the values of 
each function (6), we have, since a = , 

2i^(p" — 1 ) = C-' ■2v{p"—l), 

whence c^ = 1 . Hence, for p" = S, the two factors (3) are identical. Theorem 
I is therefore proved. 

§ 3. Definite quartic forms on m variables. 

Consider a ternary quartic which represents only squares in the GF\_p^'\ , 
^> 2. The coefficient a^ of x^ must be a square; dividing the form by a^, 
we obtain a definite ternary form .t* + • • • . Applying a transformation 

x = x' -^ry' + sz , y = y + tz , z = z , 

we obtain a definite ternary form Q lacking the terms v?y, x^z, tf'z. By § 2, 
the terms free of z are (o;^ — I'y^)^, those free of y are (a;^ — vs^z^y. Replac- 
ing sz by a new variable z , we have s = 1 . The terms free of x are therefore 
v^{y'^ ± •£■ Y . But Q vanishes only when a; = y = a = . Hence the upper 
sign holds and — 1 must be a not-square. We may therefore set i/ = — 1 , 
Hence 

Q = {x^-\- y'' + z^f + xyz{ax + ly + cz). 

Now Q must represent a square for every cc, y, z, not all zero, in the field 
and hence for x ■=Xy, \ arbitrary in the field. Then Q becomes 

q={\^ + lfy* +{aX^+ b\)y'z -f (2\2 + 2 -|- \c)y''z^ + z'. 

By § 2, Q' must be formally a perfect square. Hence Q must be the square of 
(X^ -f 1)2/^ ± 2^, for every \ in the GF[p'^^ and for arbitrary variables y ,z. 
Hence, since ^"=3,a=6 = c=0. But * x^ + if + z'' vanishes for ^^" — 1 
sets of values x, y , z , each =j= , in the GF [?>"]» p > 2 . Hence there exists 
no definite ternary quartic in a finite field. Theorem II therefore follows. 

§ 4. Definite binary sextic forms. 

By a rather intricate analysis, which I omit in the hope that a more direct 
method may be invented, I find that every definite binary sextic in the 
GF\_p'''\, p" > 11, is formally a perfect square. 

* Linear Groups, p. 48. 

Trans. Am. Math. Soc. 8 
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Of the exceptional cases ^" = 11 , I first give the results for jp" = 5 and 7, 
in which cases we may at once remove the term x'y . 

For p" = 5, I multiply the variables by suitable constants and get 

(8) X* + Wy^ ± ca;^/ + d:t?y^ ± exy^ + y". 

After fixing the sign, I find that the definite forms (8) are 

{x^-1f\x' + xY + 'i'y% (a;^+2c«V + V-V)(«''-2a;V + ^2/' + V). 
(9) 

(x' + xy^ + y-Y, x" + 2xV^ + a;V + 2a;^2/* — 'xy'-V /, 

(x^ + 2x/ — 2/*)% x" + x^y^ + 2x^2/' + Ix^y^ + 2x2/' + 2/^ 

(x= + X2/+22/2)(x*_a;32/_2x2/3_2/), (x'+a,-2/+22/2)(x*-xV-2xy-22/<), 

and those derived from (9,) and (O^) by interchanging x with y. To (Oj) and 
(9^) I apply the respective transformations 

X = - 2r, y = X- Y; x=-X, y = X+ Y (mod 5) 

and obtain (lOJ and (lO^), written in X, Y. Forms (IO3) and (lOJ are trans- 
formed into (9j), written in X, Y, by the respective transformations 

x = -2Y, y = -X-2Y; x = 3X- Y, y = X + Y (mod 5). 

Every definite binary sextic modulo 5 may be linearly transformed into one 
of the four types (9), in which the fourth form and the indicated factors are 
irreducible modulo 5. 

For p" = 7, a definite sextic may be given the form a'S, where 

(11) S=x^ + bx*y^ + cx^y^ + dx'^y' + exy^ + «r/, 
where o- = 1, 2, 4 ; 6 = 0, 1, — 1. Set 

mj = l + o- + 5 + (?, Wj = c + c, 

TOj = 1 + «r + 26 + 4d, n^ = c + 2e, 

m3= 1 + «r+ 46 + 2<?, n^= — c + Se. 

Then /S" is definite if, and only if, each m.. + ti. and each m. — m^ is a square. 
Hence the cube of each is = 1 (mod 7), so that 71. = 0, m? = 1, or else 

(12) nl = 4m^, m^ = — 1 (m> = not-square). 

Now the n. are linearly independent modulo 7, so that two vanish only when 
c s e = . In the latter case, each m^ is a square and the four sextics S are 
seen to be (13j), (13j), (14j), (14^). Next, if no one of the n. vanishes, then 
(12) holds for i = 1 , 2 , 3 , and the resulting forms S are (ISg) , (14^) , (15j) , and 
those with the sign of x changed. There remains the case in which just one of 
the n. vanishes. First, let w^ = , e ^ . Then 

ml = 2ml. 
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Hence m^ = dtz Sm^ . But m^ and m^ are not-squares, so that m^= — Swj , 
J = 1 + o" • Hence this case is excluded. Next, if n^ = , e ^ , we find 
similarly that 26 = 1 -{-a-, whence cr = 6 = l or trs4, &= — 1. After 
changing the sign of a;, we get (162), (IS,), (16,). Finally, if n^ = , e ^ 0, 
then 4&sl+cr,tr=2,6= — 1, and we get (lO^) after changing the sign of x. 

(13) x^ + ^f = {x'+ y^){x'' + 2f){x'+ 4:f), x'^-x*y^-x^r/*+2y\ {v?-2y^y, 

(14) a;« + x^f + 3?y^ + /, «" - x*y'' — 2x^y' + 4?/% (x» - 3a;?/- + 2/')% 

(15) (x-' + 32/3)2, x" + x*y^ - 2xV' + ^y' + /, (»;■' + 3x2/' - V)% 

(16) x* + xy +3x'2/' + 3x'?/^ + 2x?/' + 2/% x'^ — x^y'^ — 'x?y^+x^y*+2xf+2y^. 

Now x = X+ F, y = X— 1^ transforms (13,) into the double of (14,); 
while X = 31^, y = JT transforms (13^) into the double of (14^). In (15^) we 
replace 2/ by 2/ + x (to cancel xy") and then interchange x, y; we obtain (13^). 
In the latter v/e set x = — X + y, y = 3^+ 2jr, and get 4 times (16,). In 
the latter we set x = JT, y = 21^— JT, and obtain (I62). 

If C and O' are two binary cubic forms, each irreducible in the GFl_p"^ , 
there exists a linear transformation in that field which transforms O into a mul- 
tiple of C. 

Hence every definite hinary sextic modulo 7 may be linearly transformed 
into a^S, where a' = 1 , 2,4, ivhlle S is one of the three forms (13), the second 
being irreducible modulo 7. 

Theorem. Within the GJ^{_B"'] , w > 1, any binary sextic 

(17) S — x^ + ax^y + bx*y^ + cx'y'* + dx^y* + exy'' +fy^, 

not an exact cube, may be linearly transformed into a sextic (17) with a = 1, 
6 = 0. 

We first show that S may be transformed into a sextic with a 4= . It suf- 
fices to treat the case a = e = . Under the transformation 

(18) X=Ct| + /37?, 2/ = 7f+S77 (A = a(5_/?74=0), 

S becomes S\ in which the coefficient of ^t; is 

<X7A ( d'f — bix^). 
If 6 = (^ = , <S' is the cube of 

X? + &xy +f'y'^ ( t = 3''-' ) , 

contrary to hypothesis. If 6 = , cZ =j= , or if 6 =f= , (Z = , it suffices to take 
a 4= , 7 4= . Finally, let 6 4= ^ ^ c^ 4= ^ • ^^ ^/^ is a not-square, it suffices 
to take a7 =)= . If djb = a^, it suffices to take 0:7 4= 0, a/7 4= ± cj for 
example, we may take ;S = 7=l,8 = 0,a any element except , cr, — o-, a 
possible choice since j*" > 3 . 
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To the resulting form (17) with a =^ , we apply the transformation x ^ ^, 
y = a~' t] , and obtain a sextic with a = 1 . To the latter, we apply the trans- 
formation a; = ^ + 6,2/ = 7;, and obtain a sextic with a = 1 , 6 = 0. 

Theorem. A definite hinary sextic S in the GF\_^"'\ can he linearly 
transformed into a sextic (17) with a ^ 1, 6 = 0, except for the case in which 
n^l and S is the product 

(19) (x^ -f y^){x'' + xy — y^){x^ — xy — y^) = x^ -\- x}y- + x^y^ + y" 

of all the irreducible quadratic forms modulo 3. 

The coefficient of x" must be a square a?. Replace x by al'X, where 
h = — 3""'. The coefficient of X'' is now unity. For ?i > 1 , the theorem 
follows from the preceding one, since the case in which /S" is a cvibe is now 
excluded by the fact that a binary quadratic form represents both squares and 
not-squares. For w = 1, the same proof holds except when a = e=0, d/h = l , 
/■= 1. Then, if 6=1, the case c =j= is excluded since /S would vanish for 
X = — cy, while c = gives (19). If b = — 1, S vanishes for x = y, when 
c = ; while S is the not-square — 1 for x = — c, y = 1, when c =j= . 

It remains to discuss (17) for a=l,h = 0,y^O. Set x = zy. Then 

(20) S, = z'' + z' + cz' + dz' + ez+f 

must be a square for every a in the GjP^ [ '^" ] • 

First let n = 1. Then must S^ = 1 (mod 3) for every z. But 

S^ = z\l + d) + z{l + C+ e) +f (mod3). 
Hence d = — l,e = — 1 — c,f=l. For c = , 1 , — 1 , 'S'^ becomes 
(k3 _^^2_^^^iy^ (a' _ a _ l)(ai _ j,3 _ 1 )^ z<^ + z' - z^ - z' + 1, 

respectively. Hence every definite hinary sextic modulo 3 may be linearly 
transformed into one of the four types (19) and 

(21) ix?—x^y-\-xy^+y^f, {x}—xy—'f'){x^—x^y—y^), ■y}-\-Qe'y—xJ'f—x?y*'-\y^, 

the last being irreducible ; (19) is invariant under every linear transformation. 

A similar argument shows that the general sextic (17) is definite modulo 3 if, 
and only if, 6 + £?= — l,a + c-|-e = 0,/"=l. There are just three irre- 
ducible quadratics and eight irreducible cubics modulo 3. Sextic (17) has the 
factor x^ + 1 if, and only if, c = , 6 = 1 ; the factor x^ ±x — \ if, and only 
if, 6 = l±c, a = c. Thus (17) is the product of x? + \ by an irreducible 
quartic if, and only if, c = 0,6 = l,a=±l. 

Of the 27 definite sextics (17) modulo 3, 8 are equivalent to (21j), 6 to (21^), 
1 to (19), and the remaining 12 to (2I3). 

For the G-'i<'[3''] , n = 2, we require that (20) shall represent only squares. 
Hence must 8^S\ = \ for every root of »^ = s. Now 
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Sl = z^ + d^z" + e'z^ + 7? + &z +f\ 

8\ = Ax"- + B^x' + C^x' + By? + Dx} + E^ + Ox" + E^x +f\ 

A = l + e + e' + d\ B = l + c+f' + de\ C=c + (?e + df+f, 

D=\+d+d'' + c' + e\ E = e + d^ + cf + c'd + e^f. 

Hence the last five functions must vanish, and /* = 1 . These equations were 
discussed in two distinct ways and found to have exactly three sets of solutions 
in the (9i^[9]: 

{c,d,e,f) = {\ + i,l-i,i,-l), (0,-1,-1,1), (1,0,1,1). 

where i^ = — 1 (mod 3). The resulting functions (20) are 

(^Z^-Z^+Z-i)\ {Z^ - z'' + z + \)\ 

««+ s» + 2.3+ z +1= [»='+(i - l)^ + {i-l)z- i] lz^-{i+l)z^-{i + l)z+i-\ . 

Applying suitable linear transformations we find that every definite binary 
sextic in the GF^S^^ may be linearly transformed into one of tvm : 

(22) (^x^ — xy^ — y^ f , {x? — xy^ — y^)(y? — xy^ + y^). 

For p" = 11, the general discussion showed that every definite binary sextic 
not a perfect square is the product of three quadratic factors. Since every 
integer is a cube modulo 11 the general sextic may be reduced to the form (8) 
by removing the term x^y and multiplying the variables by suitable integers. 
The only definite form (8), not a perfect square, is 

(23) {x^ + y'){x' + 2xy - tf){x^ - 2xy - y') = x' - bx'y"" - bx'y' + y\ 

§ 5. Definite ternary sextic forms. 

For p > 3 , we may assume that the ternary sextic T lacks the terms x^ y , 
x^z, y^z^i and has unity as the coefficient of x^ . For /)"> 11, the terms of T 
free of one variable form a perfect square (§ 4). Hence the terms free oi z,y ,x 
may be taken to be respectively 

(24) {x' + axy^ + bff , {x' + cxz' + dz^^f, (bf + eyz'^^dz^f. 
The remaining terms of T are of the form 

(25) xyz{Ax'+Bf+ Cz^'+Dx'y+Exh+FxA/ + Gxz' + Kyh+Lyz^+Mxyz). 

For * x = Xy , let jT become S. Then S must be a perfect square in y, z for 

* As pointed out to me by Professor H. S. White, the algebraic proof in the text has the 
following geometric analogue : If on each ray of a pencil a sextic curve has three double points, 
the sextic is a cubic curve counted twice. This helpful analogy was not proposed as a substitute 
for the algebraic proof. On the one hand, a definite form vanishes for no sets of values x, y, z 
in the field and one may speak only roughly of a curve. On the other hand, considerations, 
based upon continuity obviously fail in the present modular problem. 
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every X in the field. We find that 

(26) S= P'f + P,fz + P.tz-" + P,y^z^ + P.y'z' + P,yz' + d?z\ 
where 

Pj = ^X* + Z>X=' + FX' + BX, P,= 2cX* + FX' + MX' + A'X + 2be, 
P3 = 2dX^ + GX' + LXdz 2hd, P^ =c'X'+ CX + e\ 
Pj = 2cdX ± 2ed, P = X^ + aX+b. 

In view of the first and last three terms of S, we must have 

8=^ePf + ^{C^2ce)Xfz + {cX±e)yz' + d^^\ e^ = 1 . 

Comparing the terms y^z^ in the two expressions for S, we find from the coeffi- 
cients of X' and the constant terms that e = + 1 and that the upper signs hold ; 
then from the coefficients of X^ and X, 

dG = c{C-2ce), dL = e{C - 2ce) + 2ad\ 

Comparing the terms y^z' and the terms y^z, we find that 

E=2e, M= 2ac + {0- 2ce fjU^ K= 2ae + 26c , 

D = 0, dA = C-2ce, dP=a{C-2ce), d£ = b(C-2ce). 

Replacing C — 2ce by dA , we get 

B=bA, C=dA+2ce, D = 0, E^2e, F^aA, G^cA, 

K= 2ae + 2bc, L = eA + 2ad, 31= 2ac + ^A\ 
Now T is composed of (25) and the distinct terms (24). Inserting the preced- 
ing values oi B, • • • , M, we see that T is the square of 

a;' 4- axy'' + cxz'' + by^ + ey?} + dz" -\- \Axyz . 

Hence the first part of Theorem IV is proved whenp =|= 3,^j" > 11. 

For^'' = 11, the following instructive proof shows that every definite ternary 
sextic T is a perfect square. As shown at the end of § 4, every definite binary 
sextic is either a perfect square /S or a product tt of three quadratic forms ; it 
will be said to be of type S ox iv . The terms free of a; in 7" will be designated 
by P^^, those free of y by P^^, etc. Without disturbing the character of 
B^^ and P^,, we may delete the terms x'y ^ x^z and take the coefficients of x*, 
2/", «* to be unity by replacing x hy x + ry -\- sz and then multiplying x, y, z 
by constants (note that every integer is a cube modulo 11). 

Suppose that one of the S's, say B^^, is of type tt. Then by (23) and the 
preceding remark, we may set 

B^=x^—bx*z'^—bx^z^-{-z^, B^^=x^—bx*y^—bx^y*+y^ or {a? + axf -f- y'')^ 
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If a = , T would vanish for » = , a; = — y . Hence in either case, 

B^^ = K^ A-lx'-y- ■\- ■-. (J+=0). 

Upon replacing 2/ by 3/ + pz , let T become T'. In T\ B'^^ = B^^ , 

B'^^ = x^ + Ox^z + mx^'z' + • • • , m = hp^ + Ap — b , 

where A is the coefficient of x*yz in T. We may choose p so that m ={= — 5 ; 
then B'^^ is not of type tt, and hence is of type S. 

Thus in any case one of the jS's may be assumed to be a perfect square. 
With B^ a square, the preceding discussion shows that, without disturbing 
B^.^ , we may make also B_^^ a perfect square. 

We now have two of the B\ perfect squares. These will be denoted by B^^ , 
B^ , so that we may apply the transformation given above and delete vfy, etc. 
Changing if necessary the sign of y or that of s , we may set 

(27) B^={x'+hxf+y^Y, B^={7? + axz^+zy, B^=f^c^y'z+. ■ .+c,jyz'+z\ 
The remaining terms of T are of the form (25). Set x = Xy. Then 

(28) T={\' + h\+iyy' + ■ ■■ + {a'X^ + C\+ c^)y'z' + ayz' + z' , 
where ot = 2aX + c. . To remove the term yz', set ?/ = J', s =Z— 2otI^. Then 

(29) r= Z« + rZ'Y' + pZ'Y^ + sZ'F* + <7ZF' + tl % 
where 

r = Sa^x^ + 2ac.X + CX + c, + 6c^, s = 5a*X* + • • • . 

But (end of §4) (29) is a product tt of three quadratic forms if, and only if, 

(30) s = 2r\ t=-Sr', p = 0, <t = (mod 11), 
and is a perfect square if, and only if, 

(31) s = Br\ a=6rp, t = Sp' (mod 11). 
For each X either (30) or (31) must hold. In particular 

(32) (S - 2r2) {s-Sr'') = ( for every A ) . 

Each factor is of degree four in X. In s — 2r^ the coefficient of X* is 9a*. 
Now a =1= 0. Hence s — 3r^ ^0, for every X. But r vanishes for at most 
two values of X. Hence (30j) holds for at most two values of X. Hence the 
set (31) must hold for at least nine values of X, and hence, in view of the de- 
gree in X, for every value of X. Hence (29), and therefore also (28), must be 
formally a square for every X. This property was seen to require that the 
ternary sextic be a perfect square. 

I have not examined the cases 3 <^" < 11. But for p" = S, the general 
definite ternary sextic must be congruent to unity (modulo 3) for every set of 
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integers x, y, z, not all congruent to zero, and is readily seen to have the form : 

.t" + ax^y + hx^z + cx*y'^ + dx^yz + ex*z^ ■\-f'x?y^ + g^y'^z + lix'y'^ 

+ _;V»' — (c + l)x^2/* + mx^y^z + x'^y'^z^ — {d + m)x?yz^ — [e + \)x^z^ 
(33) 

— {a+f)xy^+ txy*z+ vxy^z^— {g + t)xy^ z^— (h + v)xyz*— (6 +j)xz^ 

+ / + Dfz + ^y'z'' + Ffz^ -{E+ l)y''z* - {D + F)yz' + »% 

containing 15 independent parameters. It is in general not a perfect square ; 
the terms free of z may give any one of the 27 forms mentioned in § 4. A 
more symmetrical formula results from the substitution ^ = e + 1 , • • • . 

§ 6. Definite sextic forms in m variables, to > 3 . 

Consider a definite sextic form in x, y, z, w in the 6^i''[^"], J9"> 11, p> 3. 
We may take the coefficient of cc" to be unity and remove the terms x^y, x'z, 
xPw, y^z, y^w, z^w. By § 5, the terms free oi w, z, y ot x are, respectively, 

(x^ + axy'^ + hxz^ + cy^ + dy^ + e?} 4 hxyzf , 

(cc' + axy^ + Bxw^ + cy^ + DyvP' + Evy' + Hxyw f, 

( a;^ + Sars^ + ^ccw^ + es' +fzw^ + ^w' + Jxsw y , 

(c?/^ + c?ys;^ + Dyw^ + ea' +./j;w- + -Ew^ + J^/zw )^ . 

The remaining terms of the sextic S^ are 

2xyzio ( ax^ + /Sy^ + yz'^ + ^w^ + fej/ + qxz + rxw + syz + ij/w + ^^w ) • 

The sextic S^ obtained from S^ by setting x = py must be the square of a 
ternary cubic T in y, z, w. The terms of S^ involving only z and w must be 
the same as in S^. From the terms y^, y^z, y^io, yz^, yz*w, yvy" of S^ we 
determine at once the first six terms of T : 

r= ± (/)■' + a/3 + c)2/^ ± hpy'^z ± Hpy'^w + (5/) + d^y?} 

+ (iiO + J)y'^-'W + {Bp + D)yw^ + ez^ +fzw'' + Ew^. 

The identity /S'j = T'^ requires that the upper signs hold (in view of the terms 
in y' w^ or y' «' ) and that 

a=J, ^ = cj+aJ, y^bJ+dj+eH, S= BJ + jD + hE +fff, 

I = aj + MI, q = hj + bll, ' r = hB -\- jH, s = hJ + dH, 

t = af+hD + HJ, ]c=jJ+ dB + hD + hf. 

Hence the initial quaternary sextic S^ is the square of 
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•x? + axy^ + hx?} + hxy% + Bxw'^ + Hxyw -\- jxzw 

+ cy* + dyz^ + Z)2/w^ + ez* +faw'^ + Ev? -\- Jyzw, 

composed of the distinct terms appearing in the above four functions squared. 
But every quaternary cubic form in the GF\_p^^ vanishes* for values, not 
all zero, of the four variables in the field. Hence a quaternary sextic in the 
GF\_2t'\ , /)" > 11, cannot be definite. The second part of Theorem IV is 
therefore proved. 

§ 7. Derivation of definite forms from tJiOse of lower degrees. 

If we have a definite binary form B in the ©i^ [/;"],/) > 2, such that B is 
the product QF oi & quadratic form Q and a form F of degree f, we may 
derive from B a definite binary form G of degree 2/". The method is that 
employed in deriving the form preceding (4) from (3). We assume the variables 
have been so transformed that Q has the normal form x^ — vy^'. In F we replace 
2a; by ^ + vy^ jt and multiply the resulting function by ¥. We obtain a homo- 
geneous function G oi t and y of degree 2/". By the proof in § 2, (? is definite 
when B is definite. 

For example let ^'' = 11 , i^ = — 1 . From the definite sextic (23) we deduce 
the octic G = A^A_, where the 

A^ = t' + 5ff + y*±ity{f-y-) 

are irreducible modulo 11. Then, writing x for t, we get 

(34) G = x^ + 5x'y^ + 4x*y' + 5x^f-{- y\ 

A definite octic containing only even powers may be reduced to 

(35) x^-i- bx' f + dx' y^ + /x' / + y\ 

I have determined the definite forms (35) having 6 = 0, 1, or 2. Omitting 
those which are perfect squares, I get the products B^ B_ , where 

B^ =x* — 5x^y^ ± 4:xy' — y*, x* ± 4x^2/ + 3a;^?/^ q= Axi^ + y^, 

x* ± 4a;''?/ — 2a!^2/^ d= xf — y*, 

each irreducible modulo 11, and 

x^+1x^y''-x'f+2x}xf+f={x'-1y''){x^-%y''){x' + bxy-\-y''){x''-bxy+y''). 

From the latter we obtain by the above method, setting Q = x'^ — 2?/^, the fol- 
lowing definite form modulo 11 : 

(36) (cc*+2xy-f42/^)(cc*-a;-V-3x'y'-2x2/^-f4?/*)(xHa3V-3a'V + 2a;y'+42/*). 



* The proof will be given in a paper to appear in the Bulletin of the American Math- 
ematical Society. It is based on an earlier paper, ibid., vol. 14 (1908), pp. 160-169. 



122 L. E. DICKSON : DEFINITE MODULAR FORMS 

§ 8. Some arithmetical properties of hinary forms. 

Let m be a fixed integer and let F denote the GF\^p^'\. Consider a 
polynomial f{z) of degree =/)"—!, with coefficients in F, and having the 
property that, for each element s of F,f(^z) equals an with power in F: 

(37) /■(») = 1)^= i!™ ( for each z in i?*). 

Let S be the greatest common divisor of m and p" —1. Then for v^=^ 0, 
there are 8 elements t^ of F which give the same value v^ for f " . For each z , 
we select arbitrarily one of these B values of t^ and build by* an interpolation 
formula a polynomial 4>(z), of degree = p" — 1 , such that (f>(z)= t. for each 
particular element z in F. Then, by (37), 4>"'(z) =f(z) for each z in F. 

Theorem. 7/" a polynomial f(z), with coefficients in a finite field F, 
represents exclusively mth jwwers in F, then _/'( z) is [arithmetically in F) 
equal to the mth power of a polynomial ^(») with coefficients in F. 

Not all of the values v are zero. If k of the values are not zero, so that 
p" — h are zero, any one of the h non-vanishing elements t^ may be chosen in S 
ways. Hence there are h'' polynomials 4> determined hy the given f. If we 
construct one </> and multiply each t by the same root ?• of a;^ = 1, we obtain r</>. 
For example, if m = 2, /> = 3,/= (k + 1 )^ then <^ = ±(» + l)or±(» + l)^ 

The most important case is that in which /"(s) represents exclusively non- 
vanishing mth powers in the GF\^p^^^. Then there are S'" polynomials 0(») 
and the quotient ^(a;) of any two 0's is such that [^'(0:!)]"' = 1 for every x in 
the field. In particular, for m = 2, /> > 2, there are 2''" polynomials q{'x,') 
whose square equals unity for every x in the GF\_p^'\. For p" = 3, these are 
1, x^ -)- 1, x^ ± a; — 1, and their negatives. For/>" = 5, they are 

1, — 2x* + l, — x*±x^ + l, 2a;*±x^— 2x-=Fa; + l, x*±x^ + 2x^=fx + 1, 

— x*±x^=f2x + 1, — x*d=2x*=FX-f 1, 2x* ± 2x^ + 2x'^ ± 2x + 1, 

x' ± 2x' - 2x' ± 2x + 1, 

and their negatives. For p" = 7, I have verified that if ^^ = 1 for every x, 

where §' is a function of degree <C 6, then g' = ± 1. At least for p" = 3, 5, 7, 

it follows that, in any function (other than ± 1) whose square is unity., 

the coefficient of x*""""' is not zero. We note that, for any />", the square of 

— 2x''"""' + 1 is unity for every x in the field. 

The Univeksity of Chicago, 
Jnly, 1908. 



*Or by undetermiued coefficients, noting that |a'| 4= 0, z ranging over F. 



